VECTOR- VALUED EXTENSIONS 
FOR FRACTIONAL INTEGRALS OF LAGUERRE EXPANSIONS 



OSCAR CIAURRI AND LUZ RONCAL 



Abstract. We prove some vector-valued inequalities for fractional integrals in the setting of La- 
guerrc expansions of Hermite type and convolution type. We use our result for the convolution case 
to study the fractional integrals related to the harmonic oscillator in mixed norm spaces. 



1. Introduction 

Consider the fractional integral 

hf{x) = [ S{V) dy, x £ R™, < g < n, 

je" \\ x - y\\ 

defined for any function / for which the above integral is convergent. Then, with an appropriate 
constant c a , 

(-A)-/ 2 / = c a I a f, /e5(n 

where A is the standard Laplacian in R™, and the negative power is defined in L 2 (M. n ,dx) by means 
of the Fourier transform, see [T^l Ch. 5] . 

The classical Hardy-Littlewood-Sobolev (see, e.g., [HIES]) inequality establishes that 

\\I<jf\\L<i{S™,dx) < C||/l|/,»(R",dx)> 

when 1 < p < ^ and - = - — ^. Moreover, in the case (p, q) = (l, ^z^) a weak type inequality holds. 
A weighted version of the Hardy-Littlewood-Sobolev was given in [20] . 

Numerous analogues of the Euclidean fractional integral operator were investigated in various set- 
tings for the last decades. For instance, B. Muckenhoupt and E. M. Stein analyzed the topic for 
ultraspherical expansions in [17] . The one dimensional Hermite and Laguerre function expansions 
have been considered in (TUJ EJ H2 ■ Recently, B. Bongioanni and J. L. Torrea [5] obtained estimates 
for the negative powers of the multidimensional harmonic oscillator. Fractional integrals for the mul- 
tidimensional Laguerre expansions (or negative powers of the corresponding second order differential 
operators) have been treated by A. Nowak and K. Stcmpak in [Tl]. They analyzed LP — L q estimates 
(with and without weights) for the expansions related to Laguerre functions of Hermite type and 
Laguerre functions of convolution type. A complete and exhaustive study of fractional integrals for 
Jacobi and Fourier-Bessel expansions has been developed recently in [T3]. Moreover, a vector- valued 
extension in the Jacobi case has been done in [5]. 

The aim of this paper is the extension of LP — L q mapping properties concerning fractional integrals 
(or negative powers) related to second order differential operators of Laguerre type. Namely, our 
target will be the proof of vector- valued extensions of some results given in P3] . We will deal with 
vector- valued inequalities of the form 
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where {Tj}j>o is a sequence of operators denned on a cr-finite measure space (X,d/i). We will also 
consider weighted vector- valued inequalities. 

If we denote, respectively, by (L^)~ cr and (L a )~ a the fractional operators for Laguerre expansions 
of Hermite type and for Laguerre expansions of convolution type (see Section [2] for definitions), we are 
interested in the analysis of vector- valued inequalities for the sequences of operators {(i^+ a j) _cr }j>o 
and {(L a+a j)~ a }j>0y where a is positive real parameter. The meaning of a + aj will be explained 
below. For Laguerre expansions of Hermite type we will consider the space (W±_,dx), with dx the 
Lebesgue measure and our approach will be similar to [14j . In our case, we will prove an estimate 
for the kernels of the operators {L^ +a j)^ a independent of the parameter j. Then a general result 
of vector-valued extensions will do the work. We will also include some potential weights. On the 
other hand, we will deal with fractional integrals related to Laguerre expansions of convolution type, 
where the considered space will be (R+, (i/i Q ) with dfi a = x 2a+1 dx. However, the way to prove the 
corresponding vector- valued inequality will be close to the ideas in [2] . Observe that in [2] , the authors 
consider Hermite expansions. The argument given in [14] to treat the convolution type setting. The 
reason is the following: the constants appearing in this case involve Gamma functions whose log- 
convexity makes these constants increase with no control at all. 

As an application of our result about Laguerre expansions of convolution type, we will analyze 
the fractional integral operator related to spherical eigenfunctions of the harmonic oscillator. The 
result in [2] deal with the same topic but for the eigenfunctions of the harmonic oscillator in cartesian 
coordinates. In our situation we consider the eigenfunctions obtained by using spherical coordinates 
(this is the reason for the name spherical eigenfunctions). In the spherical case, the eigenfunctions 
are products of Laguerre functions and spherical harmonics. The most adequate spaces to deal with 
this system are the mixed norm spaces L P ' 2 (R", r™ _1 dr da) (see Section [3] for definition). These 
spaces appear frequently in harmonic analysis when the spherical harmonics are involved. The papers 
(T51 HJ SJ |3] contain good examples of the use of these mixed norm spaces. 

The organization of the paper is the following. In Section [5] we introduce some definitions related 
to Laguerre systems and establish our results about boundedncss of the fractional integrals related. 
Section |3J contains our analysis of the fractional integrals for the harmonic oscillator in mixed norm 
spaces. In Section [4] and Section [5] we give the proofs of the results given in Section [2] Finally, in 
Section [6] we show the proofs of some technical results used along the paper. 

2. Definitions and main results 

Let a = (ai, . . . ,a n ) € (— 1, oo) n be a multi-index and x,y € R™, n > 1. The Laguerre function 
on R™ is the tensor product 

<p%(x) = <(*i) • . . . • ¥>£(Zn), x = (x u ...,x n )e R™, 

where ip^'(xi) are the one dimensional Laguerre functions 

^ {Xi) = ( rfe + at+ l) ) 1/2 ^^ 2 )^ +1/2e ' X?/2 ' ^ >0 < < = !.->» 

and L?* denotes the Laguerre polynomial of degree fcj 6 N and order aj > — 1, see [TB] p. 76]. We 
consider the differential operator 

n 1 i 

(2-1) ^ = -A + H 2 + £^(a?-i)' 

i — 1 1 

here || • || stands for the Euclidean norm. The operator is symmetric and positive in L 2 (R",<ia;) 
and the Laguerre functions ip%(x) are eigenfunctions of (|2.ip . Indeed, L^ip^ = (4|/s| + 2|a|+2n)^; by 
|a| and \k\ we denote |a| = a\ + . . . + a n (thus \a\ may be negative) and the length \k\ = k\ + . . . + k n . 
We will refer to as Laguerre functions of Hermite type. 
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For each a > 0, the fractional integrals for expansions in Laguerre functions of Hcrmite type are 
given by 

oc 

{L"r a f= ^(4m + 2|a|+2n)-P m / 

m=0 

where 

P m f= ]T aUfM, og(/)= f f(xM(x)dx. 

\k\=m JR 1 

With these notations, our result related to the fractional integrals for the Laguerre expansions of 
Hcrmite type is the following one. 

Theorem 2.1. Let a e [-1/2, oo)". Let a > 1, a > 0, 1 < p < q < oo, 1 < r < oo, t < n/p', 
s < n/q, t + s > 0. 

(i) If a > n/2, t/ien there exists a constant depending only on a and a such that 



(Ei(^)-'(/ J )r) I/ I,„ ? , w .., itl <o||(i:i/: 



n i 



1/r 



LP(R",||x||*J>da:) 



/or all fj G i p (M™ , ||x||^da;). 
(m) If o~ < n/2, then the same boundedness holds under the additional condition 

1 1 2a-t-s 

- > • 

q p n 

Remark 2.2. In the previous theorem, the sequence a + aj has to be understood as (ai +aj, . . . , a n + 
aj). It will be clear after the proof that this sequence can be changed into {a\ +a\(j), . . . , a n + a n (j)) 
where {cbi(j)}j>o> for i = 1, . . . , n, are positive, increasing and unbounded sequences such that ai(0) = 
and ai(l) > 1. 

Let us focus on the other setting that we will analyze in this paper. We consider now the differential 
operator given by 

(2.2) L Q = -A + \\x\\ 2 -J2 



X{ 
i—1 



This is a symmetric operator on R™ equipped with the measure 

dp a {x) =xl ai+1 ■ . . . ■ x 2 n a " +1 dx. 
The Laguerre functions are defined by 

r k { x ) =qi •••••• a = (*!>•••,*») e«+> 

where are the one dimensional Laguerre functions 

The functions are eigenfunctions of the differential operator (|2.2p . Indeed, we have L a £% = (4|fc| + 
2 1 a | + 2n)£5?. We will refer to the functions as Laguerre functions of convolution type. 

For the expansions of Laguerre functions of convolution type we define the fractional integrals as 

oo 

(L Q )-*f = (4m + 2\a\ + 2n)~ a V m f 

m— 

where a > and 

v m f = E ^(fK, mf)= [ mt%{x)dit a (x). 

|fc|=m J K 

Our result in this case is the following. 
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Theorem 2.3. Let < a < a + I, a > —1/2, a > 1 and 1 < p,q,r < oo. Define uj(x) 
x G R+, j — 0, 1, . . .. Assume that p and q satisfy 

1 a 1 1 a 
< - < - 



p a + 1 g j3 a + 1 

im£/i exclusion of the cases p = 1 and o = a °]f l ff , and p = and q — oo. Then there exists a 
constant depending only on a and a such that 



(2.3) IKEK-^o-c^oif'll^^^^lKEi/ir 

for all fj G L p (R+,d/i Q ). 



LP(R + ,rf/j Q ) 



Remark 2.4. In the case of Theorem l2.3l we deduce from our proof that the sequence a + aj can be 
changed into a + a(j) where {a(j)}j>0i is a positive, increasing and unbounded sequence such that 
a(j) = and a(l) > 1. 

3. An application of Theorem 12.31 



As we commented previously in the previous section, the results in Theorem 12.11 and Theorem 
are extensions of some known inequalities for fractional integrals for Laguerre expansions. However, 
the inequality (|2.3[) appears in a natural way in the study of fractional integrals related to the harmonic 
oscillator. Indeed, the eigenfunctions of the harmonic oscillator in M. n verify 

(-A + \x\ 2 )<P = Ecj>, 

where E is the corresponding eigenvalue. There are two complete sets of eigenfunctions for this 
equation. Using cartesian coordinates, one obtains the functions 

n 

<t>k{x) = n h hi (xi), k = fa, . . . , k n ) g n", 

where h^Xi) — (y / 7r2 ki kil)~ 1 / 2 Hk i (xi)e~ Xi / 2 : and Hj denote the Hermite polynomials of degree 
j G N (see [111 p. 60]). In this case Ek = 2|fc| + d. The system of functions {<fik}k£N n is orthonormal 
and complete in L 2 (R™, dx). The fractional integrals for this system have been treated in [2] and [14] . 
Vector- valued extensions of the results in both papers for sequences of functions {fj(%)}jeN) with 
x G K n , are trivial. 

But the situation is completely different if we analyze the eigenfunctions of the harmonic oscillator 
by using spherical coordinates. Let Hj be the space of spherical harmonics of degree j in n variables. 
Let {yj,e}t=i,...,4jmHj be an orthonormal basis for Hj in L 2 (§"~ 1 , da). Then the eigenfunctions of 
the harmonic oscillator, see [7], are given by 

7 ( \ ( 2r (j + 1) \ 1//2 „/2-l+m-2j/ 2\t, / \ -r 2 /2 2 2 , ,2 

<t>m,j,A x ) = \ r(m -j + n/2) J 3 {r )y m _ 2]/ (x)e 1 , r = x 1 + ■ ■ ■ + x n , 

where m > 0, j = 0, . . . , [to/2], £ = 1, . . . ,dim'H m -2j, and arc Laguerre polynomials of order b 
and degree j G N. This system is orthonormal and complete in L 2 (M. n ,dx) and the eigenvalues are 
E m ,j.i = (n + 2m) . Moreover 

oo 

L 2 (R n ,dx) = J m 

m=0 

with 

J m = {/ G C°°(R") : (-A + \x\ 2 )f = (n + 2m)/}. 
For each a > 0, wc define the fractional integrals for the harmonic oscillator as 

oo _. 
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where 

[ir] dim'H m _2j 

Pr °j j m f = E E cmdAfl&mdA, c m jA.f) = 4>m,jAy)f(y) d y- 

The most appropriate spaces in order to analyze this kind of operators are the mixed norm spaces, 
defined as 

L P ' 2 (R", r™" 1 dr da) = {f(x) : \\f\\ Ll ,., (R ^-i drda) < co}, 

where 

/ f 00 / f \ p/2 \ i/p 

||/||iP.» (B - ir -i (lr(fa ) = (y [J n Jf(rx')\ 2 da{x')) r"- 1 *) , 

with the obvious modification in the case p = oo. The main characteristic of these spaces is that we 
consider the L 2 -norm in the angular part and the L p -norm in the radial. They are very different from 
LP(R n ,dx); in fact LP{W\dx) C LP' 2 (R n , r™" 1 dr da) for p > 2, L 2 (R n ,dx) = L 2 ' 2 (R n ,r n ~ 1 dr da), 
and i p,2 (M n , r™ -1 dr da) C L p (R",do;) for p < 2. As explained in the introduction, these spaces are 
the most suitable when spherical harmonics are involved. Indeed, if a function / on R n is expanded 
in spherical harmonics, 



oo dimHj 

X 



(3.i) /(*) = £ E - 

J=0 £=1 



where 



we have 



oo dim 'Hj 

IA<(r)| 2 V" 



1/2 

ii/iup.^cr",^- 1 ^^) = ( /] e i/^wr 

i=o «=i 

From this and using Theorem 12.31 we can prove the following result. 

Theorem 3.1. Let n > 2, < a < n/2, and 1 < p, q < oo. Assume that p and q satisfy 

1 2a 1 1 2cr 

p n ~ q p n ' 

wi/i exclusion of the cases p = 1 and g = > cma ' P = ^ an ^ q = oo. Then there exists a constant 
depending only on a such that 

(3.2) (-A+H)- CT / <C||/|U„ 2(H „ r „- 1(2rdCT) 

La. 2 (R™,r n - 1 dr da) ' 

for all f G £,P' 2 (R n ,r n_1 draV). 
Proof. Consider the decomposition 

(-A + | • \y a f = Oif + 2 f 

where 

1 1 

^/ = E(^T4^ Proj ^ / and ° 2f = T, {n + 4k + 2r P ™ij 2k+ J- 

fc — A. — 

We start analyzing 0\. After some elementary algebraic manipulations, we have 

oo dim 7^2 j oo ^ 

°l/ = E E E ( n + 4 ■ I 4 , y C 2j+2fe,fe,K/)^+2fe,fe,«. 
j=0 £=1 fe=0 ^ J 7 

By p. II) . we can deduce the following identity immediately 
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where we used the notation in the previous section for Laguerre expansions of convolution type. Then 

oo dim H 2 j 

j=o e=i 

In a similar way, we conclude that 

oo dim^j + l 

2 /(x) = E E ^ +1 (£„ /2+2i )- CT ((.)-^- 1 / 2j+ i^)(r)^ +M (^) 

and 

(-A + |-|)- CT /(a : ) = £ ^ ^(L n/2 _ 1+J )^((.)^/^)TO ' 
j=0 1=1 

So, the inequality Q3.2p is equivalent to 



oo dimUj 



|(E E (^(^-i+^-^o-v^W) 2 ) 



1/2 



j=0 £=1 



LP(R+,d M „ /2 _ 1 ) 



LP(R+,d M „ /2 „ 1 ) 



<c||(E E (/^)) 2 

0=0 1=1 

which is a consequence of Theorem 12.31 □ 

4. Proof of Theorem 12.11 
The heat semigroup related to is initially defined in L 2 (R",d/i Q ) as 

oo 

O = E J2 * > 0, 

m=0 |fc|=m 



and by (/, 5) we denote J K „ f(x)g(x)dx. We can write the heat semigroup {T^ t }t>o as an integral 
operator 

T^J{x)= f G^ t (x,y)f(y)dy. 
The Laguerre heat kernel is given by 



oo 



(4-1) Gl t {x,y) = J2 e - 4 ( 4m+2 l Q ' +2 ") J2 vUxMiv)- 

m=0 \k\=m 

The explicit expression for Laguerre heat kernel is known and it can be found in [161 (4.17.6)]: 
(a, y) = (sinh2i)-" cxp ( - - coth(2t)(|M| 2 + ||y| | 2 )) Y[(x t y^ 2 I^ (-^), 

i=l 

with l v denoting the modified Bessel function of the first kind and order v, see 16 , Chapter 5]. 

We use Schlafli's integral representation of Poisson's type for modified Bessel function, see [T|)J 
(5.10.22)], 

r 1 i 

(4.2) I v (z) = z v J exp(-zs) dH v (s), |argz|<7r, v > --, 

where the measure dM u (u) is given by 

{\-u 2 Y- l l 2 du 
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In the limit case v = —1/2, we put 7r_i/2 = \{&-\ + <$i)- Consequently, for a <G [— 1/2, oo)", the kernel 
can be expressed as 



G^(x,y) = (x2/) a+1 / 2 (sm: 



exp(-icoth(2i)(||x 2 || + !|,|| 2 )-^-^g-)dn a ( s ), 
t -i,i]" v * ~^ sinn W y 



where 1 = (1, . . . , 1) e N", xy = (xiyi, . . . ,x n y n ), x a = x^ 1 ■ . . . ■ x" n and 

" Q _ s 2\cti-l/2 
dH a (s) = I I =— \ IT^dSi. 

Let 

n 

(4.4) q±=q±(x,y,s) = \\x\\ 2 + !|y|| 2 ±2^ 

i=l 

Meda's change of variable 

(4-5) t= \ l0g T^> ^(M), 

leads to 

/ 1 — f 2 \ n +\ a \ r / i p \ 

(4.6) G^( a ;,y) = ( a ;yr+ 1 / 2 (^^J J ^ ^ exp ( - -q+(x, y, s) - ±q_(x, y, s))dIL a (s). 

The following technical lemma can be found in [TJJ Lemma 2.1]. 
Lemma 4.1. Let a £ M. be fixed and T > 0. Then 



[ C~ a exp(-TC _1 )dC < Cexp(-T/2), T > 1, 
Jo 



and for < T < 1 

' 1, a < 1, 

log(2/T), a=l, 

r- a+1 , a>l. 



[ {-"eM-TC^dC 



Proposition 4.2. Let a G [-1/2, oo)™. TTien 



4£ 



G* t (x,y)<C\ 
with C independent of a. 

Proof. Let q±j = q± y i{xi, j/j, Sj) = x 2 + yf ± 2xiyiSi, for i = 1, . . . , n. From this identity and (|4.4p . it 
follows that q±{x, y, s) = X]™=i q±,i( x ii Vii s 0- Observe that 



(4.7) exp ( - | - ^)dU a (s) = g £ exp ( - ^ - ^i)^ W , 

so it suffices to deal with the integral in dimension one. The case a, = —1/2 is elementary, so we 
obtain the estimate for a, > —1/2. We write 

fi 



)le s = 2m — 1 we have 



With the change of variable s = 2u — 1 we have 

J = 4 a * exp 
It is easy to check that 
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/ exp 

'1/2 



rl/2 

< / exp 



and then 

^ t(V. -L„,V2\ fl/2 



Now, taking a^it ^| — £J = z, we get 

> - ^ (i^n " - (-^ - ^ r"^ — 

< /_ rwXT79 1 — « ex P 77 3 T(a 4 + l/2). 



From (|4.3p . (|4.6|l and (|4.7[) . the estimate in the proposition follows. □ 
For each a > 0, wc define the potential integral operator 

(4.8) l£j(x)= [ Ul <T {x,y)f{y)dy, xei; 



where 

(4.9) H H ( Xj y )= G H( )t <r-l dt XiyeK n 

is the potential kernel. 

Define the auxiliary convolution kernel K' T (x), x £ M™ \ {0}, by 

(4.10) K a {x) =cxp(-c||s|| 2 ), ||x||>l, 
and for II x I < 1, 



(4.11) K a (x) = < 



1, a > n/2, 

1os (m)' CT = n A 



Proposition 4.3. Let a > and a <G [—1/2, 00)™. Then 

H^ a (x,y)<C a K a (x-y), 

with C a independent of a. 

Proof. By (|4.9p . Meda's change of variable, (|4.6[) . and Proposition ^. 2[ we have 

< t^t/ 1 (log^^a -e 2 r /2 - 1 r- /2 cx P (- l||x- y || 2 ) ^ 
1/2 ,1 

+ / :=/i+J a . 

Concerning ii, observe that there exists C such that log < C£, for £ 6 (0, 1/2). Then, we apply 
Lemma |4. II with a = — a + 1 + n/2 and T = \\x - y|| 2 /4, and wc obtain 



h < C a 



V2 r- W2 exp (- Ijla- y || 2 ) di<C a \ log (^), a = n/2 



a > n/2, 
a = n/2, 
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It is easy to see that, if ||ie — y\\ > 1, then L\ < C a exp(— c\\x — y\\ 2 )- Indeed, in this case, 



,1/2 

Ii<C a exp(-c\\x-y\\ 2 ) / £ 

Jo 



exp 



Si 



\x-v\r K 



and applying Lemma |4.1[ we get the estimate. Now we deal with Li. Using that £ n l 2 ~ 1, for 
£ G (1/2, 1), an d reverting Meda's change of variable yield 

h < C a cxp(- C ||.T - y\\ 2 ) (fog (^|)) (1 - er' 2 - 1 <% 



< C ff cxp(-c||x- / u^" 1 cxp(-«;n/2) < C CT exp(-c||x - y|r). 



log 3 



□ 



On the other hand, we will use the following result about vector-valued extensions of bounded 
operators. This result is a version of [HI Ch. 5, Theorem 1.12] in setting of l r spaces. 

Lemma 4.4. Consider LP = LP{X,m), where (X,m) is a a-finite measure space. Let T : L p — > L q 
be a bounded linear operator which is positive (i.e. g(x) > implies Tg(x) > 0), 1 < p, q < 00, with 
norm ||T||. Then T has an i r -valued extension for 1 < r < 00 and 



l/r 



LP 



h 6 



Proof of Theorem \2.1\ First we have to prove that (L^) _<T = 2^. as operators on L 2 (IR™ , (ice). This 
is obtained by showing that both operators, being bounded in L 2 (R™ , dx), coincide on the dense in 
L 2 (M" , dx) linear span of the functions ip%. Indeed, in order to check {L^)~ (7 ip'^ = X^ip^, we write 



G^yy^dtipt^dy 

OO 

<pl(x) / e -td\k\+2\ a \+2n) t a-i dt ^ Y{a)(L^)~ a ^( X ) . 



H"(x,yM(y)dy 



Application of Fubini's theorem in the second identity was possibly since T-L^ a (x,-) < K„(x — ■) 6 
L^R", dx), for each x <E R" , and ^ G i 00 ^, dx). 

Now wc observe that, by Theorem 14.31 there exists a constant C a depending only on er such that 
for a nonncgative function /, 



iS+aiAfK*) < C ° / K a {x - y)f{y) dy 



By [21 Theorem 2.5] and Lemma I4T41 (note that K a (x — y) is positive), there exists a constant C 
depending only on a, s and t such that 



OO r. 

(VI / K a {x-y)f{y)dy 



j=0 

for /j e LP(R",||x||* p d:r). 
Therefore, 



r \ 1/7' 



<c||(Ei^r 



l/r 



J'=0 



Lp(R™ JlKll'Pda;) 



OO 

|(Ei^>(/i)r 



3=0 

and the proof is complete. 



l/r 



< 



i 5 (KJ,||a;||- a 9<ia:) 



c l(Ei/, 



J=0 



l/r 



Lp(R™ jll^H'Pda;) 



□ 
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5. Proof of Theorem 12.31 

Recall the differential operator L a given in (|2.2j) . The heat semigroup related to L a is initially 
defined in L 2 (R™ , dfj, a ) as 



oo 



T a , t f = ]T e -*(4™+2|-l+2«) J2 (f,£%) dfi J%, t > 0, 
m=0 \k\=m 



and by {f,g)d^ a we denote J K „ f{x)g{x)dpi a {x). We can write the heat semigroup {T Qjt } t> o as an 
integral operator 

T a , t f{x)= I G 0h t(x,y)f(y)dfi a (y). 
The Laguerre heat kernel in this case is given by 

oo 

(5.1) G a , t (x,y) = J2 e -*( 4m + 2 l«l+ 2 ") J2 ^nivl 

m=0 \k\=m 

Observe that 

(5.2) G a , t (x,y)=G^ t (x,y)(xy)- a - 1 / 2 . 
We define the potential operator 

(5.3) X a ,af(x)= I H a , a (x,y)f(x)dfi a (y), x e E™, 
where 

1 f°° 

(5.4) n a , a {x,y) = — - / G^tix.y)?- 1 dt, x,y £ M" 



is the potential kernel. Due to 
(5.5) H a , a (x, y) = U* a (x, y^xy)-^ 1 ' 2 . 

For, n = 1, by using the estimates in the previous section for "H^fg. and the relation (|5.5|) . we obtain 
that 

H a+ajl<7 (x,y) < C a K a {x - y){xy)- a - a '- 1/2 . 

If one uses this estimate to attain L p — L q inequalities, then it turns out that we need an extra 
restriction on the parameters. In fact, the condition 4 ^"^ < p < q < 4 ^"^ appears as a consequence 
of the presence of the factor (xy)^ ^ 1 ^ 2 and the measure d[i a , in the estimate of Ha+aj.a^,!/). So, 
in order to take out such restriction on p and q, one has to get suitable estimates for the kernel. In 
this way, the proof of Theorem 12.31 is based on the estimates collected in Propositions 15.11 and 15.51 

Proposition 5.1. Let a> -1/2, a> I, j G NU{0}, and < a < a + 1. Then 

, H a +aj,a{x,y) < C(xy)' a3 IC a ^(x,y), 

where C depends on a and a, but not on j , and 

1 



(5.6) >C a ,a{x,y) 



for some constant c > 0. 



e -c(x-y) 2 

7 — TT> \x — y\ > 1, 



The two following lemmas will provide us the main tools to prove the previous proposition in the 
case \x — y\ < 1. 
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Lemma 5.2. Let c > — 1 and £ be such that < a < c + I. Then 

1 W(i±|))-\ 1 - m -„ P (-|)^ c f™. 

where C is independent of c. 

Lemma 5.3. Let a > -1/2, A > 0, b > 0, and < B < A. Then 

1 (1 - s )"+ fa - 1 /2 111 
(A - B S )«+fc+A+l/2 dS - A a + l/2 ~B~b(A- B) X ' 

where 

( T(b)T(X) , 

C(b) = r(&+A) ' ' 

[C a , 6 = 0. 

In the case \x — y\ > 1, the result will follow from an estimate of the heat kernel similar to the one 
in Proposition ^. 21 

Lemma 5.4. Let a > -1/2, a > 1, and j e NU {0}. Then 

G a+aj , t {x, v ) < c(i) exp (-^^) {l ^tX +1 \^~y 2 \~ (2a+1) {-vy a \ 

where 

r(«j) 



3 > 1, 



C(j)=C{ T(a + aj + 1/2)' 

.1, 3 = 0, 

and C is independent of j . 

The previous lemmas are rather technical and their proofs will be given in the last section. 



Proof of Provosition HOI We analyze the case j > 1; the case j = is similar. For \x — y\ < 1, by 
(|5.4p . (|5.2j) . Meda's changes of variable, (|4.6[) . Lemma with c = a + aj and 1 = 1, and the change 
of variable s = 1 — 2u, we have 

/ n ^ ^r(a + aj + l-a) f 1 (1 - s 2)«+<y-i/2 

H a+aj A*,V) < C ^ ; ; i /0 / / a+ ^- +1 _ g ^ 



r(a + aj + 1/2) 



= c , ia+aj r(a + aj + l- < 7) r 1 (1 - M )°+°j-i/2 M a+aj-i/2 ^ 
r(a + aj + l/2) 7 ((x + y) 2 - 4xyu) Q + a J+ 1 -°~ 

<C1 a + a ^(a + Oj + l-«7) Z 1 (l- M )^-l/2 ^ 



r(a + aj + l/2) y ((x + ?/) 2 - 4xyu) Q + a J+ 1 - ,T 

Finally, we conclude by using Lemma [5.31 with b — aj, A = 1/2 — a, A = (x + y) 2 , and £? = 4xy. 
Indeed, 

w ^ (xv)< ci"+^ r(Q + aj + 1 ~ g) r(aj) 1 1 1 

n a +a 3 M\ ,y> _ T(a + aj + 1/2) I>j + 1/2 - a) (x + y) 2 «+ 1 (4xy)<y |x - yl 1 " 2 ' 7 

1 1 1 



< C- 



(x + y) 2a + 1 (xy) Q J |x - y| 1_2,T ' 

To bound the kernel in the case |x — y\ > 1, we use (|5.4|) . Meda's changes of variable and Lemma 
15.41 to obtain that 

\2 * 



H a+aj A^v) < C(x + y)-^+ 1 Hxy)-^exp (-<?-jL^ 



( 7^ V ^ (1 - a-f- 1 cxp 



1-U J V 16C 
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The last integral can be controlled by a constant applying Lemma 15.21 with c = a and I = 1 , and the 
condition \x — y\ > 1. Then 



H a+a]> (x,y) < C(x + y)-( 2a+1 Xxy)- aj exv 

and the proof is finished. 

The next auxiliary result will be used in the proof of Theorem 12.31 
Proposition 5.5. Let a > -1/2, a > I, j e N U {0}, and < a < a+ 1. Then 

/>oo 

(5.7) u j (x)(L a+aj )~ a (uJ 1 f)(x) <C f(y)K a , a (x,y)dfj, a (y), 

Jo 

where C is independent of j and 



□ 



fC a>(r (x,y) = {xy)-*- 1 ' 2 
Moreover, for x > 2, 
(5.8) 



(x-y) 2 i{x + yf 



4i 



IC a ,<j(x,y)d[j, a (y) < C. 



Another tool we need is a result about fractional integrals in spaces of homogeneous type. 
Let (X, /x, | • |) be a space of homogeneous type. Given a weight w and a ball B, w(B) will denote 
J B w d/j, and /J,(B) the measure of the ball. We can define the fractional integral operator as 



7 7 /(x) 



x {f,(B(x,\x-y\W-^ 

where n(B(x, \x — y\)) denotes the measure of the ball of center x and radius \x — y\. We will use the 
following result in [I] concerning L q — L p mapping properties for I 1 . 

Theorem 5.6 (Theorem 1.6 and Remark 1.10 in Q]). Let < 7 < 1 and 1 < p < q < 00. Let (w, v) 

be a pair of weights with u = v -1 /^- 1 ) g A^. Then 



if and only if 



q (X,w dfx) 

w(B)P/iu(B)' } ~ 1 



< C, 



for every ball B C X . 



The proof of Theorem 12.31 will be obtained from the following result and the Ricsz-Thorin interpo- 
lation theorem. 

Theorem 5.7. Let a > -1/2, < a < a + 1, a > 1, and 1 < p, q, r < 00. Then: 
a) If 1 2_ < - < 1, there exists a constant C such that 



00 



3=0 



l/r 



Li (R + ,dn a ) 



< C 



|(Ei/,r) 



3=0 



b) If - < -77 , there exists a constant C such that 

' J p a+1 ' 



1/ 

3=0 

c) If - < -77, there exists a constant C such that 

' Q a 4- 1 7 

l/r 



< c 



00 



3=0 



|(X;i«i(a ; )( i a+«)- <r («7Vi)| P 



3=0 



L9(R + ,a> Q ) 



< c 



00 



3=0 



l/r 



l/r 



l/r 



Z>(R + ,a> Q ) 



L°°(R + ,a> a ) 
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d) If 1 2_ < I < 1 there exists a constant C such that 

3=0 y +' ha > 3=0 

e) If p > 1, q < oo and 2_ = I there exists a constant C such that 



3=0 



1/r 



L9(R + ,d^ Q ) 



<<?|(x>r 



l/r 



LP(K + ,ci/j ) 



LP(R + ,d/i c( ) 



Proof. As in the proof of Theorem 12.11 it can be checked easily that {L a )~ a = I a>a so we omit the 
details. 

By ()5.3[) and Proposition 15. 1[ it is clear that 

/•OO 

u j {x)(L a+a:j y j (uJ 1 f : j)<C / f j (y)K. a . a (x,y)dfi a (y), 

Jo 

where K, a ,a is as in (|5.6[) . Then the inequality in a) will be deduced from Lemma 14.41 and the estimate 



f(y)IC a ,a(x,y)dn a (y) < C||/|| L i (dM(i ). 

Applying Minkowski inequality, the previous inequality is a consequence of the estimate 

(5-9) \\}CaA;y)\\L^ a) < c - 

To prove the previous bound, we consider the cases \x — y\ < 1 and |a; — y\ > 1. For \x — y\ < 1 and 
y > 1, we have 



(K a , a (x,y)) q d» a (x) < Cy^+^-<D+^ 

\x-y\<\ 

When y < 1, it is verified that 



(lC a ,Ax,y)) q dfi a (x) < C y^ a+2 ^ 1 ~^+ 2 ^ 



\t-l\<l/y 

1 + 1/y 



\ l _ t \- q{ l-2a) dt „ y (2a+l)(l-g) < C 



x-y\<l 



2a+l 



|l_t|9(l-aa)( 1 + t )g(aa+l) 



1 + „( 2 «+ 2 )( 1 -'/)+ 2 9 CT < C 



where in the last step we used that 1 — -^-^ < i. For \x — y\ > 1, we have 



\x-y\> 



{JC atCT (x,y)) q dn a (x) <C - — ■ — , , dn a (x). 

1 J\x-y\>l{x + y) q{2a+1 > 



In this region, it holds x 2a+1 {x + y )-ii 2a + l ) < C, then 

(K. a;a (x, y)) q dtL a (x) < C 



e~ c{x - y ^ dx < C, 

<\x-y\>l J\x-y\>l 

and the proof of (|5.9p is completed. 

To prove b), using an argument analogous to a), it is enough to prove that 

f(y)£ a ,*(x,y)dti a (y) < C||/|| LP ( d/iQ) . 

Now, by Holder inequality, the result will follow from the estimate (|5.9[) and the symmetry of the 
kernel /C Q!(T , using the condition - < ^pj. 

To prove c), we start considering x £ (0,2) and x > 2. In the first case, by Proposition 15.11 and 
Lemma H~4l the inequality is reduced to prove 



X(o,2)(x) / f{y)K a ^{x,y)dn ol {y) 



Li(dfi a ) 



< c||/!Il-=(^«)- 
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Now, taking into account that 

/>oo />oo 

/ f(y)fc a .*(x,y)d(i a (y) <\\f\\ L °°(d» a ) 1C a ,a(x,y)dfj, a (y), 
Jo Jo 

we will conclude by showing that 



X(0,2)O) / fca,a(x,V) dfl a (y) 



< C, 



but this is true by (|5.9p with q = 1. 

When x > 2, by (|5.7[) and Lemma [4T4l it will be enough to prove that 



X[2.oo){x) / f(y)lC a . <J (x 1 y)dn a (y) 
Jo 

But, applying (|5.8[) . we obtain that 



Li(d^ a ) 



< cil/IU^cdju,,)- 



CO / /"DC' 



f{y)IC a ,a(x,y)dfi a (y)\ dfi a (x) < ||/|||=o ((Jm 



OO / /'CO 



<cn/r 



IC a ,a(x,y)dfi a (y) j dfi a (x) 
X ^-^dx<C\\ff LOO(dfiaV 



where in the last step we have used the restriction - < — tt. 

Now we proceed with the proof of d). We distinguish between y £ (0,2) and y > 2. In the first 
case, we observe that, by Proposition 15.11 and Lemma 14.41 the inequality is reduced to prove 



f(y)IC a ,a(x,y)dii a (y) 



L 1 (d/j 



< C\\f\\ LP(dfla) . 



By Fubini's theorem and Holder inequality 

roo r 2 p2 

f(y)lC at( r{x,y)dfj, a (y)diJ, a (x) < \\f\\ L p(d^ a ) / ll^a,<r(-, y)llzX(d Mct ) d ^ a {y) < C\\f\\ LP ^ dfloi) , 



JO 



where in the last step we have used 

In the case y > 2, by (|5.7[) and Lemma 221 it will be enough to prove that 



f{y)K>a,a{ X >y) dfJ-a(y) 



< C||/|| iP ( djUct ). 



L 1 (d/i a ) 

Applying Fubini's theorem, Holder inequality and (|5.8p . we obtain that 



oo />oo 



f(y)fc-a,a(x,y) d/J a (y) dfl a {x) < \\f\\LP(d» a ) 



X(2,oo)(y) / IC a ^(x,y)dfj, a (x) 



LP'{d^ a ) 



< c\\f\\LP(dij. a ) \\x(2,oo)(y)y 2<T \\ L p<( dl i a ) - c\\f\\LP(dti a )> 

where in the last step, we used that 1 2_ < I < \ 

In the end, to prove e) we observe that [i a (B(x, \x— y\)) ~ \x — y\(x + y) 2a+1 . Then, by Proposition 



u j( x )i L a+ajy a {uj 1 fj){x) < C 



< c 



fiy) , / \ 

| x _j / |i-2 ff ( x + y )2 Q +i a ^y> 

m 



lo {fi a (B(x, \x - y|))) 
So, the result is an immediate consequence of Theorem 15.61 and Lemma 14.41 



(l- g /(a+l)) = 4/(a+l)/0)- 



□ 



FRACTIONAL INTEGRALS FOR LAGUERRE EXPANSIONS 



15 



6. Proofs of technical results 

Proof of LemmaUTB First, observe that log (j=^) ~ £> for < £ = 1 A and l°g (i=§) log(l 

£ 2 ), for 1/2 < £ < 1. Then, denoting by J the integral to be estimated, we have 

f o ' 2 e- M ex P (-f|) dt +c£{- io g (i - ew- 1 a - a c r c - £ c XP (-^ ^ 



J<C / g 



Let J\ and J2 be, respectively, the two integrals in the right hand side of the previous inequality. 
Now, for J\ the change of variable s = ^ produces the required bound. Indeed, 

Jl = yr e -^i A < c ^-^ , 

1 + J ~2 y+ 

In order to control J2, we start by using the estimate 

^7 e -*< 7 7 e -7 5 i,7>0, 

to deduce that 
Then, 



L — G 



Now, 



j 2 < + ^ - ^-e-c^-*) / (_ i og (i - ar^a - err a <m 

q+ J 1/2 

9+ Jl/2 

T (-mi - e)Y-\i - endt- < c f (-i og (i-ar- 1/2 (i-m^ 

Jl/2 Jl/2 

c c 

< r- < 



( c+ 1)<t+1/2 " ( c+ 1)1/2' 

after the change of variable 1 — £ 2 = e~* in the second inequality. Therefore 

q+ a 

Finally, by Stirling's approximation, we conclude the bound for J2. □ 

Proof of Lemma \5.3[ The case 6 = can be see in Pj3 Lemma 5.8]. For b > 0, with the obvious 
bound 

-, x Q+l/2 1 

1 — s \ 1 

< 



^A-BsJ -^"+1/2 
and denoting by L the integral to be estimated, we have 

1 f 1 (l-s) b ~ 1 
L ^ M +i/2 J o (j4 _ Bs )b+x ds - 

Then, the change of variable 1 — s = A ^ B z gives 



A«+!/2B k (i-B) A i {l + z) b + x T(b + X) A a +^ 2 B b (A - B) 



□ 
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Proof of Lemma \5.4\ Due to (|5.2I) , it suffices to analyze the integral J appearing in the proof of 
Proposition 14.21 with a + aj instead of at and in the one dimensional case. After the change of 
variable s = 2u — 1 becomes 



^ J exp (-xyu (j-tj) u a+aj - 1/2 {l - u) a+a: >- 1/2 du. 



»1 

Now, it is easy to check that 

j < 4 «+^+i/2 cxp f_ ( x _ fc + y) 2 ^j £\xp (-xyu (l-tY) u a+a ^ 2 (l - u) a+a ^ 2 du 

< C 4»« + i/* cxp L^l - ttE+vf?) j^' 2 cxp ( xyu nM ^-1/2 du _ 

When aj > 1, the change of variable xyu (j — £J = z gives 

J < 4— / 2 exp (_ (^1! _ + jT cxp ^ Q_ e )) , w 

< 4— / 2cxp (_(^ _ (asy) -« ( T ^) QJ r( a ,) 

where in the last step we have used the estimate 

/ (x-y) 2 t{x + y) 2 \ „ ( (x~y) 2 \ , , 2 2,n 
cxp f- ^ ^ - ^ 4 J) J < Ccxp l- K 8 »> ) exp(-c\x 2 - y 2 \) 

<Cexp(-^T) \x 2 -y 2 \- 2 -\ 



The result in this case follows from (|4.3[) . f|4.6[) and (J5T2J) 

The case j = is even easier since 

.1/2 



J cxp f-xyu Q - £\ ^ u Q 1/2 du <C ai 



as it is shown in the proof of Proposition 14.21 □ 

Proof of Provosition \5.5[ From the identity (L a )~ a = T a ,c hi L 2 (W + , dfi a ), the estimate in (|5.7[) can 
be deduced from (|5^| . and Proposition Ol 

To obtain the bound in (|5.8[l we start considering the case \x — y\ > x/2. Proceeding as in the 
proof of Proposition 14. 31 we have that the kernel /C QiCr can be estimated by e ctyX ~ y ^ (xy)~ a ~ x / 2 , then 



\ IC a><T (x,y)df, a (y)<C \ x _ yji *r-a-l/2 e -e(*-v) y a+l/2 t 

J\x—y\>x/2 J\x-y\>x/2 



If < y < x/2, we have 

/ \ X -y\ 2 °- a -V 2 e-« x -rfy a+1 / 2 dy<C [ \x - y\ 2a e~ c{ - x -'^ dy 

J\x — y\>x/2 J\x—y\>x/2 

poo 

<C z 2a e- z2 dz < C. 
Jo 

When y > 3a;/ 2, it is verified that \x — y\ ~ y and so 

/ \x-y\ 2a - a - 1/2 e- c(x - v)2 y a+1/2 dy < C / y 2 ° e~ cy2 dy < C. 

J\x-y\>x/2 JQ 
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In the most delicate region \x — y\ < x/2 we cut the integral in JC a ^ a in the intervals (0, 1/2) and 
[1/2, 1). For the second one, the integral of the kernel is controlled by 

x 2 - e — 2 r'\-<*-v) a f (-iog(i-e)r 1 (i -er l/2 dzdy. 

Jx/2 J 1/2 

9 2 

This last integral is bounded because the inner integral is smaller than a constant and x e~ cx < C. 
In the case £ € (0, 1/2), after some changes of variables, we have 



x/2 JO 



4£ 4 



3a-/2 rx 2 /2 



x/2 JO 



Cx / / s CT - J ^cxp - v v - »" - - dsdy 



4s 4 



CI I s^ 2 exp (-—--) dsdz 



./o 

00 poo 



^0 



<C/ / s CT_3/2 exp ( ^ I dsdz <C, 



4s 4 
s 

4s " 4 



where in the last step we have used that 



fOO pOO / 2 \ fOO pOO 

J J s°- 3/2 cxp ( -- - I J dsdz = J 8°- l e-''*d8 J e- t2 / 4 dt = 4°V^T(a). 



□ 
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